We suggested earlier that the energies of low-lying states in large shell-model spaces converge to their exact values exponentially as a function of the dimension in progressive truncation. An algorithm based on this exponential convergence method was proposed and successfully used for describing the ground state energies in the lowest ͉⌬(NϪZ)͉ nuclides from 42 Ca to 56 Ni using the f p-shell model and the FPD6 interaction. We extend this algorithm to describe nonyrast states, especially those that exhibit a large collectivity, such as the superdeformed band in 56 Ni. We also show that a similar algorithm can be used to calculate expectation values of observables, such as single-particle occupation probabilities. The nuclear shell-model calculations are specified by the choice of the active single-particle space ͑orbitals and their energies͒, effective interactions and the computational procedure. Full sd-shell-model calculations were possible already 20 years ago ͓1͔, but a similar complete calculation for all nuclei in the f p shell is not yet available, although many partial results were already reported ͓2-5͔. The limitations come mainly from the exponential increase of matrix dimensions in many-body Hilbert space with the number of valence nucleons. In the past decade, several approximate methods were proposed to deal with the dimensionality problem. Among them are the shell-model Monte Carlo ͑SMMC͒ ͓6͔, quantum Monte Carlo diagonalization ͑QMCD͒ ͓7͔, the ␦EϪ⌬E extrapolation method ͓8͔, and the exponential convergence method ͑ECM͒ ͓9,10͔.
Ar and 40 Ca requires a reliable full or partial sd-p f cross-shell effective interaction. This problem is under current investigation, see, e.g., Refs. ͓14,15͔. Positive parity states in 56 Ni can be accurately described within f p-model space, for which fairly well tested interactions are available, such as FPD6 ͓16͔, KB3 ͓17͔, and GPFX1 ͓18͔. However, the KB3 interaction is reportedly not sufficiently accurate around 56 Ni ͓19͔. Therefore, it was modified in Ref. ͓19͔ by reducing the matrix elements between the f 7/2 orbit and all other orbits by 300-500 keV. Recently, the matrix elements in this modified version of the KB3 interaction were modified again by another 100 keV and used to describe the first superdeformed band in 56 Ni ͓11͔ using a 6p-6h truncated model space, where the particle p and hole h refer to excitations from the 0 f 7/2 orbital to one of the 0 f 5/2 , 1p 3/2 , or 1p 1/2 orbitals. The results put the 0 2 ϩ band head at the right energy of about 4.5 MeV, but the excitation energies do not follow the rotational intervals as closely as the experimental ones ͓11͔.
The FPD6 interaction ͓16͔ was designed more than a decade ago with the aid of experimental data for lower f p-shell nuclei, and it was later used towards the middle of the f p shell without modifications. The single-particle energies around 56 Ni are reasonably well known ͓18͔; small monopole corrections may be required for an accurate description of absolute energies ͓10͔. Although an accurate description of the superdeformed band in 56 Ni may require excitations into the g 9/2 orbit, it was recently reported that the FPD6 predicts a spherical-superdeformed shape coexistence for a series of nuclei, including 56 Ni and 52
Cr ͓20-22͔. Calculations based on the constrained Hartree-Fock approximation were carried out with the use of more refined approximations, such as the QMCD ͓22͔. The difficulty here lies in calculating the nonyrast 0 2 ϩ superdeformed band-head state of 56 Ni in a reasonably large model space. With the use of the FPD6 interaction within a 6p-6h truncated model space of about 25ϫ10 6 m-scheme states, the 0 2 ϩ state comes by 1.6 MeV higher than the value suggested by the experiment ͓20͔. The QMCD calculations ͓22͔, however, show the band-head located approximately at the right energy ͓22͔. This result is instructive, indicating that with a relatively small spherical shell-model basis, such as f p, one can successfully describe the coexistence of spherical and superdeformed structure.
In this paper, we will investigate the applicability of the ECM to nonyrast states. The method ͓9,10͔ is based on the observation, justified by the analysis of the statistical properties of generic highly excited states ͓24͔ and strength functions of simple configurations, that in the process of orderly adding new partitions of given symmetry ͑spin J, parity, isospin T, etc.͒ the energy eigenvalues for yrast-states decrease exponentially with the increasing dimension. The reason for this exponential convergence is a subtle coherent pressure of the small admixtures of very complicated remote high-lying states applied through the high orders of perturbation theory. Because of the variational character of the procedure, the convergence is monotonous. The exponential type of the convergence follows ͓9͔ from the estimate of the offdiagonal matrix elements after reduction of the Hamiltonian matrix to the tridiagonal form.
In the opposite extreme case, the states at high level density in the middle of the finite shell-model spectrum feel the pressure in both directions, up and down, and their energies do not change monotonously. It is important to understand if the ECM can be extended to the intermediate case of lowlying nonyrast states, in particular, if they can be only weakly mixed with yrast states because of different shape of the corresponding mean field. Especially, we are interested in the ability of the ECM to extrapolate the energies of the very collective nonyrast states, such as those of the superdeformed band in 56 Ni. In order to understand the applicability of the ECM to such situations, we studied the lowest two 0 ϩ states in 52 Cr that can be calculated for all possible truncation models ͑maximum m-scheme dimension is 46ϫ10 6 ). In the ECM, possible configurations of valence nucleons in a finite single-particle space are ordered according to their centroid energies found with the aid of the methods of statistical spectroscopy ͓23,25͔. In a truncation scheme ͓26͔ for the low-lying states, higher configurations can be consecutively added to the many-body model space in order of their centroid values. It was shown in Ref.
͓9͔ that, as a function of the dimension of truncated Hilbert space, the energies of the low-lying states converge exponentially to their exact values. According to Refs. ͓9,10͔, the initial truncation size should exceed a certain value related to the spreading width of typical basis states found from the Hamiltonian matrix prior to its diagonalization. It was also suggested that the matrix elements of observables can be extracted by a similar procedure.
The exponential convergence algorithm for finding the energies of the yrast-states works as follows ͓9,10͔:
͑i͒ A set of configurations ͑partitions for a given particle number in a certain orbital space͒ to be included in the calculation is generated. The number of configurations in a given model space is much lower than the shell-model dimension. For example, the highest m-scheme dimension for 56 Ni in the full f p shell is 1 087 455 228 ͑the corresponding JTϭ00 dimension is 2 581 576͒, while the number of partitions is 475.
͑ii͒ The average centroids ͑Hamiltonian traces divided by the partial dimension͒ for these configurations are calculated using the prescription of statistical spectroscopy ͓23,25͔.
͑iii͒ The configurations are ordered according to their average centroids. This order is different from the usual p particles-h holes scheme. For example, in the f p shell some 8pϪ8h configurations come lower than many of 4p Ϫ4h configurations. Table I lists the first 131 configurations  for 56 Ni in order of their centroids. ͑iv͒ Shell-model matrices are built for the truncated spaces consecutively including into calculations the higher partitions in their ''natural'' order established in ͑iii͒.
͑v͒ The energies of the yrast states are calculated using a Lanczos eigenvalue solver. The step ͑v͒ is repeated 5-10 times by expanding the space with inclusion of new partitions.
͑vi͒ The graph of energy vs JT dimension is plotted ͑see, e.g., lower panel of Fig. 1͒ , the beginning of the exponential tail is identified, and a fit with the expression E͑n ͒ϭCϩBe Ϫ␥n ͑1͒ is performed. To predict the energy of an yrast state one should evaluate E(N), where N is the full JT dimension of the original model space. In most cases of interest the contribution of the second term in Eq. ͑1͒ is small for large values of N, and the value of parameter C represents a good approximation for E(N).
Within the m-scheme approach one can easily use the Lanczos algorithm to calculate the lowest states of a given spin and isospin by adding to the nuclear Hamiltonian H N two terms proportional to the total spin operator squared and total isospin operator squared, which will push up in energy all undesired states of higher spin and isospin,
where ␣ and ␤ are two parameters conveniently chosen. The set of states with M ϭJ and T z ϭT has to be used as an m-scheme basis ͑this choice may forbid taking advantage of the time reversal symmetry in some cases͒. After the diagonalization, the eigenvalues EЈ must be rescaled to obtain the true eigenvalues,
The calculations reported below were carried out using the m-scheme shell-model code CMICHSM ͓27͔. Figure 1 shows the results for 52 Cr using truncated spaces of different JT dimensions. The 315 possible configurations were ordered as described above, and they were progressively included in the shell-model calculations as explained. The upper panel presents the exponential behavior of the energies of 0 1 ϩ and 0 2 ϩ states as a function of JT dimension (JTϭ00 for this case as well as for 56 Ni). The Coulomb interaction was not included; therefore, isospin T is a good quantum number. The starting dimension in the upper panel is 50 000, about 10% of the full JT dimension ͑508 289͒. The lower panel presents in a logarithmic scale the approach to the exponential behavior of the energy value for the 0 2 ϩ state. For JT dimensions lower than Ϸ50 000, we see a deviation from the exponential behavior. In Ref. ͓10͔, we showed that for yrast states the exponential behavior starts approximately at (3 -4) above the configuration with the lowest centroid. Here, is the average width of simple shell-model configurations ͓26,23͔ found as an average over the partition sum of the off-diagonal matrix elements squared, 2 ϭ͗H off-diag 2 ͘ av .
For nonyrast states, such as the 0 2 ϩ state in 52
Cr, the ''3'' rule does not work ͑the onset of the exponential regime for energy of the 0 1 ϩ state in 52 Cr is still accurately described by this rule͒. This particular example suggests that using truncated spaces covering 10-12 % of the full JT dimension could be sufficient for predicting the energy of the 0 2 ϩ state. Ni in truncated spaces of JT dimension up to 12% of the full JT dimension (2.5ϫ10 6 ) using the collection of configuration listed in Table I . To our knowledge, this is one of the largest ϩ states in the band assuming a perfect rotor behavior͒. In Refs. ͓9,10͔, we suggested that other observables, besides energies, could exhibit an exponential behavior. The simplest case is given by the expectation values of one-body operators depending on a single state ͑single JT dimension͒, such as the electromagnetic moments. For an operator Ô , the expectation value in the stationary state ͉␣͘ that, as a result of the diagonalization, is represented by a complicated superposition of simple shell-model states ͉k͘,
the expectation value is given by
͑5͒
As a first choice for testing the convergence of the expectation values, we take the occupancies of single-particle mean field orbitals, j ϭ ͚ m a jm † a jm . For such a choice, the matrix elements ͗k͉ j ͉l͘ over the original basis states are diagonal, kϭl, and, moreover, they are the same for all states ͉k͘ from the same partition. Results for electromagnetic moments will be reported elsewhere. Occupation probabilities do not necessarily decrease with the increase of the truncation dimension, as was the case with energies. For nuclei lighter than 56 Ni, it is very likely that the occupancy of the 0 f 7/2 orbit will decrease, while those of 0 f 5/2 , 1p 3/2 , and 1 p 1/2 will increase. The general behavior is expected to be similar to Eq. ͑1͒,
Here, the signs of B j Ј are not fixed. When B j Ј is positive we plot in logarithmic scale j -C j Ј ͑see lower panel of Fig. 3͒ , while for negative B j Ј we plot C j Ј-j ͑see two upper panels in Fig. 3͒ . Figure 3 shows the results for both 0 1 ϩ and 0 2 ϩ states in 52
Cr. For the 0 2 ϩ state the exponential behavior takes place for about 90% of the full JT dimension, while for the 0 1 ϩ the deviation from the exponential law spans a much smaller range.
We notice that the exponents ␥ j Ј are not only nearly equal for different levels j and different states 0 1 ϩ and 0 2 ϩ in the same nucleus, they are also quite close to the exponents in the convergence behavior of energies of the same states. Indeed, a simple perturbative estimate gives a hint that the exponents ␥ and ␥Ј should be close to each other.
To come to this estimate, let us assume that we have diagonalized a truncated matrix containing a number of shellmodel partitions of total dimension n. At this stage we have intermediate eigenstates ͉␣;n͘ and their energies E ␣ (n) where ␣ϭ1,2, . . . ,n labels the states inside the given truncation, while the superscript ͑n͒ indicates that energy was calculated for this running dimension. Now we add the next partition of dimension d that contains unperturbed states ͉k͘ with energies E k (0) coupled with the states within the diagonalized space by the matrix elements V k␣ . In the exponential regime, the corrections are small and perturbation theory gives the further shift down to the energy of one of the low-lying states ͉␣͘;
At the same time the correction to the wave function of the state ͉␣͘ is determined by
where
In this approximation, we obtain the evolution of the occupation numbers which is, similarly to energy ͑8͒, expressed by the second order quantities,
It is clear that the population of a given single-particle level grows ͑decreases͒ with the admixture of a new partition that has a higher ͑lower͒ occupancy of this level. In the derivation of Eq. ͑12͒, we took into account that first order matrix elements ͗␣͉ j ͉k͘ vanish because the unperturbed states ͉k͘, being orthogonal to the state ͉␣͘, are the eigenstates of the occupation numbers. By the same reason, the second order admixtures of the states ͉l͘ that belong to the new partition also vanish. The only term neglected in Eqs. ͑9͒ and ͑12͒ is that related to the effective second order mixture ͑mediated by the states ͉k͘ of the last partition͒ between the states ͉␣͘ and ͉␤͘ both taken from the previous approximation. This contribution, assuming that V k␣ are real, is given by
͑13͒
In contradistinction to the coherent contributions retained in Eq. ͑11͒, this sum contains only incoherent matrix elements between the remote states and no enhancement ͑well known for the mixing of neutron resonances in the strong parity nonconservation ͓29͔͒ due to the small energy denominators. Indeed, near a low-lying state ͉␣͘ the level density is still low, and the spacings E ␣ (n) ϪE ␤ (n) are not small. Since all the states ͉k͘ of the last partition have the same occupancies, ͗k͉ j ͉k͘ϵ j (n) , this stage of the evolution of the occupation numbers is effectively described by where
The main n dependence comes from the factor K j (n), while the difference ␦ j of occupancies in the square brackets of Eq. ͑14͒ is always between 0 and 1 and exponentially fast comes to the limiting value ␦ j . If the exponential convergence of the occupation numbers takes place, it is determined by ␥ЈBЈe Ϫ␥Јn ϭK j ␦ j .
͑16͒
The sum K j differs from the similar sum in the energy convergence relation ͑8͒ by an extra factor ⌬ k␣ ϭE k (0) ϪE ␣ (n) in the denominator. This factor is only slightly changing within the last partition; therefore, we can expect ␥ЈϷ␥ and BЈ ϷB␦ j /⌬.
Thus, in a typical case the occupation numbers should converge with the universal exponential rate quite close to that of energies. In the end of the evolution, when the distance from the final value is small, we expect more significant fluctuative deviations. Indeed, we see from Fig. 4 that the fit of the occupancies with ␥Јϭ␥ gives a very reasonable agreement up to a region, where ͗ j ͘ differs from the final result by a quantity of the order of 1%. As seen from the derivation, this result is essentially based on the specific properties of the occupation number operator adjusted to the decomposition of the many-body space into partitions.
In conclusion, we have investigated the applicability of the ECM to nonyrast states, in particular, to collective states belonging to superdeformed bands as the ones in 56 Ni. Studying similar states in 52 Cr, we found that we can apply the ECM to the states of this type by increasing the truncated dimension to Ϸ10% of the full JT dimension. Although this constraint requires more work than in the algorithm for the yrast states ͓10͔, it is still much less demanding than the full calculation. Our results indicate that a relatively small spherical single-particle model space, such as f p, and the unmodified FPD6 interaction are able to describe very well the superdeformed band in 56 Ni. We also show that occupation probabilities follow exponential behavior similar to that of energies. In a good approximation, their rate of convergence coincides with that of energies due to the specific properties of the occupation number operator and the way of organizing the shell-model partitions. Investigation of other observables, such as the electromagnetic moments, can be of great practical interest.
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